Topological Anderson insulator phase in a Dirac-semimetal thin film by Chen, Rui et al.
ar
X
iv
:1
70
3.
09
52
2v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
24
 M
ay
 20
17
Topological Anderson insulator phase in a Dirac-semimetal thin film
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The recently discovered topological Dirac semimetal represents a new exotic quantum state of
matter. Topological Dirac semimetals can be viewed as three dimensional analogues of graphene,
in which the Dirac nodes are protected by crystalline symmetry. It has been found that quantum
confinement effect can gap out Dirac nodes and convert Dirac semimetal to a band insulator. The
band insulator is either normal insulator or quantum spin Hall insulator depending on the thin film
thickness. We present the study of disorder effects in thin film of Dirac semimetals. It is found that
moderate Anderson disorder strength can drive a topological phase transition from normal band
insulator to topological Anderson insulator in Dirac semimetal thin film. The numerical calculation
based on the model parameters of Dirac semimetal Na3Bi shows that in the topological Anderson
insulator phase a quantized conductance plateau occurs in the bulk gap of band insulator, and the
distributions of local currents further confirm that the quantized conductance plateau arises from
the helical edge states induced by disorder. Finally, an effective medium theory based on Born
approximation fits the numerical data.
PACS numbers: 73.20.-r, 73.20.Fz, 73.43.Nq, 03.65.Vf
I. INTRODUCTION
Two-dimensional (2D) massless Dirac fermions have
been observed in graphene and on the surface of three-
dimensional (3D) topological insulators (TIs).1–6 Re-
cently, much attention has been attracted to the Dirac
semimetal which represents a new state of quantum mat-
ter, can support 3D Dirac fermions with the linear disper-
sion in all three momentum directions. The stable Dirac
semimetals have been realized experimentally in two
crystalline materials, Na3Bi and Cd3As2 compounds.
7–11
The stability of the 3D Dirac points in these materi-
als requires additional crystalline symmetries other than
the time-reversal symmetry and inversion symmetry.12
Dirac semimetals show many interesting physics prop-
erties, such as spin polarized double Fermi arc surface
states and chiral anomaly in the presence of parallel elec-
tric and magnetic fields.13,14
Finite size effect plays an important role in the system
with size comparable to the quasiparticle wavelength. In
2DTIs, the states on the opposite edges can couple with
each other to open a gap in the gapless edge energy spec-
trum due to finite size effect.15 While for the thin film
of 3DTIs, depending on the thickness, it may become
a quantum spin Hall (QSH) insulator or a trivial band
insulator.16–20 Similar properties are also proposed in
Dirac semimetal materials Na3Bi and Cd3As2, in which
the quantum confinement effect can induce a periodically
modulated gap at Dirac node.7,8,21,22 Whether a finite
size gap is inverted or not is determined by the thick-
ness of Dirac semimetal thin film. Thus, Dirac semimet-
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als Na3Bi and Cd3As2 should cross over between trivial
and nontrivial 2D insulators oscillatorily as a function of
Dirac semimetal thin film thickness.7,8
It is well known that disorder has a major impact
upon the transport properties of low-dimensional elec-
tronic systems.23 In 2009, Li et al. reported that the on-
site Anderson type disorder can trigger a phase transition
from topologically trivial phase to QSH phase with quan-
tized edge conductance.24 This disorder-induced topolog-
ical insulator was named as topological Anderson insula-
tor (TAI).24 This TAI was quickly confirmed by the nu-
merical simulations and Born approximation analysis in
which the disorder-induced topological phase transition
can be understood by the renormalization of Dirac mass
and chemical potential.25,26 TAI has been investigated
in more related models, such as Haldane model, Kane-
Mele model and 3DTI model.27–32 It is indicated that
TAI is dependent on the type of disorder, for example,
TAI phase is absent for the magnetic disorder and spa-
tially correlated disorder.33,34 On the other hand, gapped
and gapless topological phases and transport characteris-
tics in layered structures and thin films have been studied
recently in the presence and absence of disorder.35–37 It
is interesting to note that Kobayashi et al. revealed the
TAI phase in topological insulator nanofilms by numeri-
cal calculations.36
In this paper, we investigate the interplay of disorder
and quantum confinement in Dirac semimetal thin film.
It is found that the Anderson disorder can induce a topo-
logical phase transition in this system. Topological An-
derson insulating phase emerges by tuning the strength
of disorder. By combining numerical simulation based on
the recursive Green’s function and Born approximation
with the model parameters of Dirac semimetal Na3Bi,
we show that when the on-site disorder is introduced to
the insulating phase of Dirac semimetal with spin Chern
2number Cs = 0, the TAI phase with a quantized conduc-
tance plateau (σ = 2e2/h) appears in a certain range of
disorder strength. Inspection of the nonequilibrium local
current distribution further confirms that this quantized
conductance plateau arises from the helical edge states
induced by disorder.
II. MODEL
We start with a generic low-energy effective model
derived from first principles results of Dirac semimet-
als A3Bi(A=Na,K,Rb) and Cd3As2.
7,8 In the basis of∣∣∣S 1
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M (k) = −M0 +M1k
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z +M2k
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‖, k‖ = (kx, ky), and k± =
kx±iky. There are two Dirac nodes located at (0, 0,±kD)
with kD =
√
M0/M1.
In the following calculations, we will take the model
parameters of Dirac semimetal Na3Bi obtained from the
first-principles calculations,7 namely C0 = −63.82 meV,
C1 = 87.538 meV·nm
2, C2 = −84.008 meV·nm
2, M0 =
86.86 meV, M1 = 106.424 meV·nm
2, M2 = 103.610
meV·nm2, and A = 245.98 meV·nm. We discretize the
effective Hamiltonian on a 3D simple cubic lattice and
set the lattice constants as ax = ay = az = a = 0.5 nm.
FIG. 1: (Color online) (a) Schematic illustration of metal-
Dirac semimetal-metal setup. (b) Confinement-induced bulk
gap ∆E (blue solid line with red dots) and the spin Chern
number Cs (green dashed line) versus thin film thickness Lz.
Now let us consider a thin film of Dirac semimetal con-
fined along z direction with thickness Lz. Due to quan-
tum confinement effect, the energy band along z direction
will be quantized into separated levels. The confinement-
induced band gap as a function of thickness is presented
in Fig. 1(b). Using quantum well approximation, the
following term can be obtained for each subband n21,22
M (k)→M
(
n,k‖
)
=Mn +M2k
2
‖ , (2)
whereMn = −M0+M1 (nπ/Lz)
2
is the mass parameter
of these subbands. For each subband n, the Hamiltonian
(1) is similar to the BHZ model Hamiltonian describing
the QSH system in HgTe/CdTe quantum wells.38
To characterize the system, we will calculate
the spin Chern number Cs within quantum well
approximation.39–41 It has been shown that the spin
Chern number and Z2 topological invariant would yield
the same classification by investigating topological prop-
erties of time-reversal invariant systems.42 The spin
Chern number is defined as43
Cs =
1
2
∑
n
(Cn↑ − C
n
↓ ), (3)
where Cn↑ and C
n
↓ are the valence band Chern number
of the spin up and down blocks of the n-th subband, re-
spectively. The results are shown in Fig. 1(b), in which
the green dashed line depicts the spin Chern number.
When the thickness of this system is small (Lz < 6az),
the spin Chern number keeps zero, indicating that the
system is actually a normal insulator. While if the thick-
ness exceeds a critical value (Lz ≈ 6az), the energy gap
closes and reopens, and a nonzero spin Chern number
Cs = 1 is obtained, which means that a topological
phase transition from the normal insulator to the QSH
state has happened. With further increasing Lz, this sys-
tem shows more than one Kramer’s pair of helical edge
states, characterized by higher spin Chern numbers with
Cs = 2, 3, · · · . The spin Chern number is exactly equal
to the number of the pair of one-way helical edge states.
The odd spin Chern number corresponds to the QSH
phase, while the even spin Chern number corresponds
to the normal insulator. Thus this system crosses over
between trivial and nontrivial 2D insulators oscillatorily
as a function of thin film thickness. The result given by
the spin Chern number is consistent with the previous
results.7,8
To better understand the different phase in Dirac
semimetal thin film tuned by finite size effect, we plot
the energy band spectrum for thickness Lz = 7az and
Lz = 5az in Fig. 2(a) and (d), which correspond to the
QSH state and normal insulating state, respectively. For
the case of Lz = 5az, since all the subbands are triv-
ial, there is no edge state on the side surfaces of Dirac
semimetal. While for Lz = 7az, one subband becomes
inverted, as a result, there is a pair of helical edge states
on the side surfaces, as indicated by the red curves. For a
thicker sample with Lz = 15az, there will exit two pairs
3FIG. 2: (Color online) (a) Energy spectrum of Dirac semimetal thin film with open boundary conditions along y and z
directions and periodic boundary condition along x direction. Here, the sizes in the y and z directions are taken as Ly = 80ay
and Lz = 7az, respectively. The blue curves are the bulk subbands and the red lines correspond to the surface states. (b) The
disorder averaged conductance as a function of disorder strength U . The error bars show standard deviation of the conductance
for 500 samples. The Fermi level is Ef = 15 meV. (c) Phase diagram showing the conductance as a function of disorder
strength U and Fermi energy Ef . Each data point corresponds to a single realization of the disorder potential. The data points
marked in red represent the value of conductance within the interval (2 − ǫ)e2/h < σ < (2 + ǫ)e2/h, and we take ǫ = 0.005.
The other panels (d), (e) and (f) are the same with (a), (b) and (c), except that Lz = 5az. The red and green dashed lines in
(f) correspond to the phase boundary defined as ∆E˜ = 0 and E˜2 < E˜f < E˜1. In our numerical simulations, the system size is
chosen as Lz = 7az, Ly = 80ay and Lx = 300ax in (b) and (e), and Lz = 5az, Ly = 80ay and Lx = 150ax in (c) and (f).
of helical edge states, corresponding to the spin Chern
number Cs = 2.
III. NUMERICAL SIMULATION
Now, we will investigate the transport properties of the
Dirac semimetal thin film in the presence of disorder by
using the Landauer-Bu¨ttiker-Fisher-Lee formula44–46 and
the recursive Green’s function method.47,48 The linear
conductance can be obtained by σ = (e2/h)T , where
T = Tr[ΓLG
rΓRG
a] is the transmission coefficient. The
linewidth function Γα(Ef ) = i [Σ
r
α − Σ
a
α] with α = L,R,
and the Green’s functions Gr/a(Ef ) are calculated from
Gr(Ef ) = [G
a(Ef )]
†
= [EI −HC − Σ
r
L − Σ
r
R]
−1
, where
Ef is the Fermi level, HC is the Hamiltonian matrix of
the central scattering region, and Σ
(r/a)
L,R are the retarded
(advanced) self-energy due to the device leads.
We adopt a rectangular thin film sample of size Lx ×
Ly × Lz and two semi-infinite metal leads connected to
the sample along the x direction as shown in Fig. 1(a).
To avoid redundant scattering from mismatched interface
between the leads and central scattering region, the two
leads are also modeled by clean Dirac semimetal thin
films. In our numerical simulations, we set the chemi-
cal potentials of leads µL,R = 100 meV to guarantee a
high density of states. We introduce the Anderson type
disorders to the central scattering region through ran-
dom on-site energy with a uniform distribution within
[−U/2, U/2], with the disorder strength U . This setup
allows us to calculate the longitudinal conductance σ and
the distribution of local current.
Fig. 2(b) and 2(e) show the conductance σ of Dirac
semimetal thin film with different thickness (Lz = 7az
and 5az) versus disorder strength. The Fermi level
Ef = 15 meV is chosen inside the band gap caused
by confinement effect. We found that the conductance
keeps quantized without any fluctuations if the disorder
strength U is smaller than Uc = 1 eV when the system is
in the QSH regime (Lz = 7az). The conductance plateau
collapses when the disorder is strong enough. The quan-
tized conductance plateau manifests the robustness of he-
lical edge states to the weak disorder. Such observation
agrees with the previous result in the literatures.49–52
While intriguing phenomena emerge in the normal state
(Lz = 5az). Initially, the conductance is zero since there
is no electronic state inside the band gap for a normal
insulator. With the increasing of the disorder strength,
the conductance becomes finite and reaches to a quan-
tized value (σ = 2e2/h), then the conductance main-
tains at this value for a certain range before eventually
decreases. The absence of fluctuation in the quantized
conductance plateau denotes that the quantized conduc-
tance is contributed by the helical edge states, indicating
the topological nature of the TAI phenomena.
Fig. 2(c) and 2(f) show the phase diagram obtained
by numerical simulations. Each point corresponds to a
single realization of the disorder potential, which turns
4out to be sufficient for determining the region of TAI
phase. We find that this quantized region appears not
only in the band gap, but also occurs in a small region of
the conduction bands (Lz = 7az) and the valence bands
(Lz = 5az).
To substantiate the assertion that the quantized con-
ductance plateau originates from the robust edge states,
we study the nonequilibrium local current distribution
between neighboring sites i and j from the formula25
Ji→j =
2e2
h
Im

∑
α,β
Hiα,jβG
n
jβ,iα(Ef )

 (VL − VR) , (4)
where Gn(Ef ) = G
rΓLG
a is electron correlation func-
tion. To calculate the local current distribution, a small
external bias V = VL − VR is applied longitudinally be-
tween the two terminals, where VL and VR describe the
voltages of the left and right leads. We assume the elec-
trostatic potential in the left lead to be 1 meV and zero
in the right lead. The electrostatic potential in the cen-
tral part is φ(ix) = (Lx− ix+1)/(Lx+1) meV, where ix
is the site index along the x-direction and 1 ≤ ix ≤ Lx.
Then, the electric field is uniformly distributed in the
central device region. As shown in Fig. 3, the red and
blue arrows correspond to the strength of local currents
of the upper and lower blocks, respectively. Apparently,
the spin-up and spin-down local currents are localized at
the two different side surfaces, respectively. The QSH in-
sulator is characterized by the helical edge states shown
in Fig. 3.
IV. BORN APPROXIMATION
To corroborate the physical interpretation of numerical
simulation, we analyze the present model within an effec-
tive medium theory based on the Born approximation in
which high order scattering processes are neglected.26 In
the self-consistent Born approximation, the self-energy
Σ for a finite disorder strength is given by the following
integral equation
Σ =
U2
12
( a
2π
)2 ∫
1BZ
dk‖
1
Ef −H
(
k‖
)
− Σ
, (5)
where H
(
k‖
)
is the model Hamiltonian of Dirac
semimetal with the confinement imposed along z di-
rection. The coeffcient 1/12 originates from the vari-
ance
〈
U2
〉
= U2/12 of a random variable uniformly dis-
tributed in the range [−U/2, U/2]. This integration is
over the first Brillouin zone (1BZ). We will use the lowest-
order Born approximation, which means setting Σ = 0
on the right hand side of Eq. (5).
When the confinement is imposed along z direction
with Lz = 5az, by calculating the bottom of the con-
duction band E˜1 and the top of the valence band E˜2 of
the renormalized Hamiltonian (H˜ = H + Σ) as a func-
tion of Ef and U , we obtain the red and green dashed
FIG. 3: (Color online) (a) The averaged nonequibrium local
current distribution for the TAI phases of the Dirac semimetal
thin film with thinkess scale Lz = 5az, Fermi level Ef =
15 meV and the disorder strength U = 1000 meV in a two
terminal setup. The red and blue arrows correspond to the
current of the spin-up and spin-down component, respectively.
The arrow size means the current strength. (b) The cross
section of (a) with Lz = 3az.
curves in Fig. 2(f). The red curve denotes the phase
boundary line E˜1 − E˜2 = ∆E˜ = 0, which means the gap
closing. The region inside the green dashed lines is de-
termined by E˜2 < E˜f < E˜1, which is another necessary
condition for the TAI phenomena, i.e., the renormalized
Fermi level must be inside the renormalized energy gaps.
We find that the results based on Born approximation
fit well with the previous numerical calculations, which
means that disorder has a renormalized effect on bulk
band gap ∆E and the Fermi level Ef , leading to the TAI
phenomena in Dirac semimetal thin films.
To demonstrate the disorder-induced topological phase
transition, the spin Chern number C˜s of the renormalized
Hamiltonian H˜ is also evaluated for various U and Ef by
using the quantum well approximation. It is found that
the topological mass Mn of each quantum well modes
are renormalized by disorder. An approximate analytic
solution of the effective mass M˜n is given by
26
M˜n =Mn −
U2a2
48π
M2
M22 − C
2
2
ln
∣∣∣∣∣
M22 − C
2
2
E2f −M
2
n
π4
a4
∣∣∣∣∣ , (6)
showing that the disorder correction to the topologi-
cal mass Mn is negative, provided by M2 > 0 and
|M2| > |C2|. For a clean system with Lz = 5az, all
5of the subsystems are trivial, and this system is a normal
insulator with Cs = 0. For a certain disorder strength
(about 750 meV), the first quantum well mode is inverted
with a negative mass M˜1 < 0, and this system turns to
QSH insulator with C˜s = 1.
V. CONCLUSION
In this paper, we investigate disorder-induced TAI in
Dirac semimetal thin films. We observe a transition from
a trivial insulating phase to a QSH state at a finite dis-
order strength. We present the phase diagram as a func-
tion of the disorder strength and the Fermi level, which
is in accordance with the result obtained by the effective
medium theory based on the Born approximation. We
also plot the nonequilibrium local current distribution,
which further confirms that the quantized conductance
plateau in the TAI phase arises from the helical edge
states induced by disorder.
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